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Abstract: An elasto-plastic constitutive model is proposed to simulate the behavior of interfaces between 
coarse granular soil media and structural materials (i.e. steel or concrete). The proposed model is 
formulated within the frameworks of the two-surface plasticity, critical state soil mechanics and state 
parameter. The interface constitutive model requires a single set of eight calibration parameters to predict 
both monotonic and cyclic responses of the interface behaviour under a wide range of normal stress and 
soil densities without a need for recalibration. The model is capable of simulating the stress path dependent 
behavior of granular soil-structure interface problems. All the model parameters have physical meaning and 
can readily be obtained from standard interface shear tests. The performance of the proposed model is 
evaluated by comparing the model predictions and laboratory test data. 

1 Introduction 

In soil-structure systems, including embankment dams, retaining walls, and underground structures, a thin 
transition shear zone known as an interface exists between the soil mass and the structural material (Hu 
and Pu 2004; Zhang and Zhang 2006). The significant difference in stiffness between soils and the 
structural material could lead to stress concentration and strain localization at the interface. Furthermore, 
discontinuous deformation such as sliding and separation can occur in this zone. Thus, the interface 
characteristics and behavior can influence the response of these soil-structure systems, and may need to 
be accounted for in their analysis.   

Many experimental studies have been conducted to provide understanding of the fundamental constitutive 
behavior and deformation mechanics of granular soil-structure interfaces. These include direct shear tests 
(e.g. Desai et al. 1985; Mortara et al. 2007; DeJong and Westgate 2009), simple shear tests (e.g. Uesugi 
and Kishida 1986; Fakharian and Evgin 1997), ring torsion shear tests (Yoshimi and Kishida 1981; 
Yasufuku and Ochiai 2005), and annular shear tests (Brumund and Leonards 1973). Advanced numerical 
methods have also been used to investigate the nature of the soil-structure contact problem. Zero thickness 
elements developed by Goodman et al. (1968) were modified to thin-layer elements (Yasufuku and Ochiai 
2005; Desai et al. 1984) to capture normal deformations of the interface. The advent of these thin-layer 
elements has led to the use of constitutive models in interface problems.  

Different interface constitutive models based on non-linear elasticity (e.g. Clough and Duncan 1971; Desai 
et al. 1985; Desai and Nagaraj 1988) and elasto-plasticity (e.g. Ghaboussi et al. 1973; Zaman et al. 1984; 
Desai and Ma 1992; Shahrour and Rezaie 1997; Fakharian and Evgin 2000; Ghionna and Mortara 2002; 
Zeghal and Edil 2002; Mortara et al. 2002; Hu and Pu 2004; Liu et al. 2006; Liu and Ling 2008; Zhang and 
Zhang 2008; Lashkari 2012, 2013; D’Aguiar et al. 2011; Duriez and Vincens 2015; Lashkari and Kadivar 
2016; Stutz et al. 2016) have been proposed to simulate the behavior of granular soil-structure interfaces. 
The elasto-plasticity models have been formulated in different frameworks such as damage plasticity (e.g. 
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Hu and Pu 2004; Zhang and Zhang 2009), disturbed state concept (DSC) (e.g. Desai and Ma 1992; 
Fakharian and Evgin 2000; Desai et al. 2005), generalized plasticity (e.g. Liu et al. 2006, 2014; Liu and Ling 
2008), two-surface plasticity (e.g. Shahrour and Rezaie 1997; Mortara et al. 2002; Lashkari 2012, 2013; 
Lashkari and Kadivar 2016). The two surface plasticity theory (Dafalias and Popov 1975; Krieg 1975; 
Dafalias 1986) is known to be most suitable for simulating cyclic behavior of materials under complex 
loading history in the plastic range. Critical State Soil Mechanics (CSSM) is also an important concept that 
has been introduced into interface constitutive formulations (Liu et al. 2006, 2014; Liu and Ling 2008; 
Lashkari 2013; Lashkari and Kadivar 2016) to simulate the state of the interface under large shear 
deformations. 

A great majority of the existing interface constitutive models were formulated for sandy soil – structure 
interfaces and are characterized by a large number of parameters. However, a large number of geo-
structures such as embankments, concrete face rockfill dams and speed-railways have critical interfaces 
between coarse granular soils (gravel and rockfill) and structural material. The mechanical behavior of this 
interface type, such as stress-displacement relationship, volumetric behavior under shear cycles and cyclic 
strength properties, can be significantly different from that of sandy soil-structure interfaces. For example, 
unlike sandy soil-structure interfaces, the softening behavior in gravelly soil-structure interfaces is negligible 
(Zhang and Zhang 2006, 2008, 2009).  

This paper proposes a new constitutive model for gravel-structure interfaces in the framework of two-
surface plasticity, and compatible with the concept of CSSM. The proposed model uses a unified 
formulation for both monotonic and cyclic loading and for gravelly interfaces over a wide range of densities. 
The following sections present the constitutive equations, detailed procedures for calibration of the model 
parameters and validation using experimental data. 

2 Constitutive Equations  

The proposed interface constitutive model is based on the soil model proposed by Dafalias and Manzari ( 
2004), and interface model proposed by Lashkari (2013). The interface elasto-plastic constitutive is 
formulated based on a two dimensional (2D) plane strain problem and dry condition assumption. For rough 
soil-structure interfaces, the thickness (t) of the interface zone is assumed to be between 5 to 10 times the 
mean effective diameter (D50) of adjacent soil particles ( Uesugi et al. 1988; Hu and Pu 2004; DeJong and 
Westgate 2009).  

Stress vector in the interface model consist of normal stress (σn) and tangential stress (τ), and the stress 
vector increments on the interface plane can be defined as follows:  

[1] 𝑑𝝈 = {
𝑑𝜎𝑛

𝑑𝜏
} 

Incremental strain vector is expressed in terms of elastic and plastic strains in Eq. 2   

[2] 𝑑𝜺 = {
𝑑𝜀𝑛

𝑑𝜀𝑡
} = {

𝑑𝜀𝑛

𝑑𝜀𝑡
}
𝑒

+ {
𝑑𝜀𝑛

𝑑𝜀𝑡
}
𝑝

=
1

𝑡
({

𝑑𝑢𝑛

𝑑𝑢𝑡
}
𝑒

+ {
𝑑𝑢𝑛

𝑑𝑢𝑡
}
𝑝

) 

where t is the interface thickness, and dεn, dεt, dun and dut represent the increments of the normal strain, 
tangential (shear) strain,  normal displacement and tangential displacement respectively. The superscripts, 
e and p, represent the elastic and plastic parts, and contraction is assigned a positive sign. 

The stress and elastic strain increment vectors are linked through the elasticity matrix [D]e as: 

[3] {
𝑑𝜎𝑛

𝑑𝜏
} = [𝑫]𝑒 {

𝑑𝜀𝑛

𝑑𝜀𝑡
}
𝑒

= [
𝐷𝑛 0
0 𝐷𝑡

] {
𝑑𝜀𝑛

𝑑𝜀𝑡
}
𝑒

=

[
 
 
 𝐷𝑛0√

𝜎𝑛
𝑝𝑎𝑡𝑚

⁄ 0

0 𝐷𝑡0√
𝜎𝑛

𝑝𝑎𝑡𝑚
⁄

]
 
 
 

{
𝑑𝜀𝑛

𝑑𝜀𝑡
}
𝑒

 

where Dn0 and Dt0 are model parameters, and patm represents the atmospheric pressure, taken as 101(kPa) 
(Lashkari 2013). 
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The elastic deformation is limited by a yield surface, which is characterized by an open-wedge in normal 
stress (σn)-tangential stress (τ) plane as illustrated in Figure 1. The function of this yield surface (f) is 
expressed as (Dafalias and Manzari 2004; Lashkari 2012): 

[4] 𝑓 = (
𝜏

𝜎𝑛

− 𝛼)
2

− 𝑚2 = (𝜇 − 𝛼)2 − 𝑚2 = 0 

where µ is the stress ratio at yield, which is the ratio of the normal stress to tangential stress (σn/τ), and α 
is the back stress ratio, a kinematic hardening variable controlling the movement or response of the yield 
surface in the σn-τ space. As illustrated in Figure 1, m controls the size of opening of the wedge-type yield 
surface, and α corresponds to the slope of the yield surface bisector (i.e. α=µ-m). Since the size of the 
elastic region for granular soils is relatively small, selecting a constant value for m of about 0.01µcs-0.05µcs 
has proven to yield satisfactory accuracy (Papadimitriou and Bouckovalas 2002; Dafalias and Manzari 
2004; Taiebat and Dafalias 2008). The parameter µcs is the slope of the critical state surface in the σn-τ 
space (Figure 1), and will be discussed in in the following.  

 

Figure 1: Model surfaces in the plane of σn-τ 

In addition to the yield surface, the proposed interface model includes two other surfaces; dilatancy surface 
and critical state surface, as illustrated in Figure 1. These surfaces are used to predict the plastic behavior 
of the interface under monotonic and cyclic loading conditions. Based on the basic theory of plasticity (Chen 
and Baladi 1985; Dafalias 1986), the elasto-plastic incremental stress-strain relationships can be derived. 
The plastic strain rate is given by 

[5] 𝑑𝜺𝑝 = {
𝑑𝜀𝑛

𝑑𝜀𝑡
}
𝑝

= 〈𝛤〉𝑹 = 〈
𝒏𝑑𝝈

𝐾𝑝

〉 𝑹 

where 𝛤 is loading index, a scaler value and the operator < > is the Macaulay brackets defining < 𝛤 >= 𝛤 if 

𝛤 > 0, and < 𝛤 >= 0 if 𝛤 ≤ 0. n is a vector normal to the yield surface and defines the loading direction 
through Eq. 6, R is the direction of plastic strain rate vector  given by Eq. 7 (Lashkari 2013), and Kp is the 
plastic modulus.  

[6] 
𝒏 = {

𝜕𝑓 𝜕𝜎𝑛⁄

𝜕𝑓 𝜕𝜏⁄
} 

[7] 𝑹 = {
𝐷

𝜕𝑓 𝜕𝜏⁄ } 

τ

σn

μcs

μd

μ

α

2σnm

σn

1

1
1

1
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As can be observed from Eqs. 6 and 7 , R is not a vector normal to the yield surface (i.e. R ≠ n). Thus, the 
non-associated flow rule was adopted in this constitutive model which is the most efficient flow rule for 
predicting the rate of plastic strain in granular soils. D is the dilatancy coefficient (Eq. 8), which is proposed 
as a function of the distance (dd) between the current stress state and its image on the dilatancy surface.  

[8] 𝐷 =
𝑑𝜀𝑛

𝑝

|𝑑𝜀𝑡
𝑝
|
=

𝑑𝑢𝑛
𝑝

|𝑑𝑢𝑡
𝑝
|
= 𝐴𝑑(𝑑𝑑) = 𝐴𝑑(𝜇𝑑 − 𝑠𝜇) = 𝐴𝑑 (𝜇𝑐𝑠𝑒𝑥𝑝 (

𝐾𝑑𝜓

𝑊𝑝−𝑖𝑛
𝜒

+ 1
) − 𝑠𝜇) 

where, Ad is a positive model parameter and s is the auxiliary parameter for which s=+1 if  μ -α ≥ 0, and s=-

1 if μ -α< 0. µd is the slope of the phase transition line, which is a line in stress space starting from the origin 
and locating the positions of transition phase points for different confining pressures in which compression 
behavior changes to dilatant and vice versa (Lade and Ibsen 1997). This line and its slope (µd) in σn-τ plane 
are called dilatancy surface and dilatancy stress ratio, respectively, and shown in Figure 1. Kd is also a 
model parameter and Wp-in is the value of total plastic work (Wp) at the initiation of the most recent loading, 
and χ is a constant parameter that can be set to 0.18 as a default value. Wp is calculated using the modified 
plastic work expression (Hu et al. 2011) given by:  

[9] 𝑊𝑝 =
1

𝑡
∫(𝜎𝑛〈𝑑𝑢𝑛

𝑝〉 + 𝜎𝑛𝑑𝑢𝑡
𝑝
) 

where, t is the interface thickness. 

Based on laboratory observations ( Evgin and Fakharian 1996; Liu et al. 2006; DeJong and Westgate 2009), 
a granular soil-structure interface under large shear displacement reaches an ultimate state in which 
although the stress ratio (µ= τ/σn) is unchanged, the shear deformation increases with no changes in 
volume. This ultimate state is called a critical state in soil-structure interface problems, similar to the concept 
of critical state in soil mechanics. In Eq.  8, µcs is the critical state stress ratio, which is the slope of the 
critical state line in σn-τ plane and ψ is the state parameter originally introduced by Been and Jefferies (Been 
and Jefferies 1985) in the framework of CSSM for sands. In this study, the modified state parameter (ψ) 
(Liu et al. 2006; Liu and Ling 2008; Lashkari 2013) is used, as defined by Eq. 10: 

[10] 𝜓 = 𝑒 − 𝑒𝑐𝑠 = 𝑒 − (𝑒0 − 𝜆𝑙𝑛(
𝜎𝑛

𝑝𝑎𝑡𝑚
⁄ )) 

where e is the void ratio at the current state and ecs is the critical state void ratio corresponding to current 
value of normal stress. ecs is determined using e0 and λ which are model parameters. As ψ<0, the interface 

is in dense state and experiences contraction/expansion (dilation) (i.e. μd<μcs) while it experiences full 

contraction when the ψ>0 and the interface is in loose state (i.e. μd>μcs). Since the state parameter (ψ) is 

constantly changing during loading, μd changes until it coincides with the critical state stress ratio (μcs) at 
ψ=0.Using this concept, the proposed interface model can simulate the behavior of an interface with 
different density with a single set of model parameters.  

In Eq. 5, Kp is plastic modulus which relates stress increment to plastic strain increment based on plasticity 
theory. Following the concept of the two-surface plasticity theory (Dafalias and Popov 1975; Dafalias 1986), 
the following relationship is defined for a stress ratio dependant plastic modulus (Kp).  

[11] 𝐾𝑝 = 𝐾𝑝0

𝐷𝑡0√𝜎𝑛 𝑝𝑎𝑡𝑚⁄

|𝜇 − 𝑚|
(𝜇𝑐𝑠 − 𝑠𝜇) 

where Kp0 is a model parameter and all other parameters have already been defined.  

Based on Eqs. [1, 2, [3, 5, 6, 7 and 11, the relationship between increments of total stress vector and 
increments of total strain vector can be expressed as 

[12] 𝑑𝝈 = [𝑫]𝑒𝑝  𝑑𝜺 = [[𝑫]𝑒 −
[𝑫]𝑒  𝑹 𝒏𝑻 [𝑫]𝑒

𝐾𝑝 + (𝒏𝑻 [𝑫]𝑒  𝑹)
] 𝑑𝜺 

where [D]ep is the elasto-plastic stiffness matrix. 
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3 Model Calibration 

The proposed constitutive model requires eight parameters in total: two for elasticity (Dt0 and Dn0), three for 
critical state (e0, λ and μcs), two for dilatancy (Ad and Kd) and one for hardening (Kp0). The parameters all 
have physical meaning and can be readily determined through standard interface shear tests: Constant 
Normal Load (CNL) and Constant Normal Stiffness (CNS) shear test. In CNL tests, normal stress remains 
constant during shear deformation. However, in CNS tests, the normal stiffness imposed on soil-structure 
interface systems as confinement condition remains constant during the test.   

The Dt and Dn are evaluated as the initial slopes of the shear stress-tangential displacement under CNL 
condition and normal stress-normal displacement respectively. By applying Dt and Dn in Eq. 3, the elasticity 
parameters Dt0 and Dn0 are obtained. If the shear stresses at critical state (τcr) are plotted against the 
corresponding normal stresses (σn-cr), the slope of the best fitted line starting from the origin is obtained as 
μcs. For capturing e0 and  λ, one can plot the critical void ratios (ecr) at different normal stresses (σn) against 
ln(σn/patm). The slope of the best fitted line of the points represents λ and the intersection of the fit line with 
the ecr axis is given as e0.   

The parameter Ad is calculated using the data of monotonic interface shear tests in normal displacement 
(un)-tangential displacement (ut) plane. Assuming the elastic parts of normal and tangential displacements 
are negligible, the following equation can be drawn from Eq. 8. 

[13] 𝐴𝑑 ≈
(𝑑𝑢𝑛 |𝑑𝑢𝑡|⁄ )

𝜇𝑑 − 𝜇
 

Using the data obtained from different constant normal load or constant normal stiffness tests, different 
values of Ad are calculated by Eq. 8. The average value of Ad is recommended for use in the proposed 
model.  

By the data at phase transformation state, the parameter Kd is calculated from Eq. 14 below. 

[14] 𝐾𝑑 =
(𝑊𝑝−𝑖𝑛

0.18 + 1)𝑙𝑛 (
𝜇𝑑

𝜇𝑐𝑠  )

𝜓𝑝ℎ𝑡𝑠

 

where ψphts is the state parameter at phase transformation state. For monotonic loading, the Wp-in in Eq. 14 
is equal to zero (no reversal of load). Thus, it is evident that Kd can be determined as the slope of the best 
fitted line passing through the origin by plotting ψphts against ln(μd/ μcs) at different constant normal load or 
constant normal stiffness interface shear tests.  

The parameter Kp0 can be estimated by a trial and error approach or by equalizing the normal-constant-
load shear test for the interface zone to a uniaxial test for soil. In the latter method, the following relation 
between increment of tangential displacement and increment of shear stress under constant normal load 
(CNL) condition is derived.   

[15] 𝑑𝜀𝑡 = (
1

𝐷𝑡

+
1

𝐾𝑝

)𝑑𝜏 

By submitting Eq. 11 into Eq. 15, the parameter Kp0 can be evaluated as: 

[16] 
𝐾𝑝0 =

1

(
𝜇𝑐𝑠 − 𝑚
𝜇 − 𝑚

− 1) ((𝐷𝑡
𝑑𝜀𝑡

𝑑𝜏
) − 1)

 

4 Model Evaluation 

In this section, the performance of the proposed interface constitutive model is evaluated by compering the 
model predictions to monotonic and cyclic experimental test data obtained by Zhang and Zhang (2008) for 
gravel-steel interfaces under constant normal load (CNL) condition. The properties of the interface 
materials, and the evaluated values of model parameters are presented in Table 1 and Table 2 respectively.  
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As illustrated in Figure 2, in both shear stress-tangential displacement plane and normal displacement-
tangential displacement plane, there is very good agreement between the experimental results for gravelly 
soil-steel plate interface and the proposed model prediction. The model predicts well the initial compressive 
and then dilative behavior of gravelly interface under low normal stresses (σn=100 kPa and σn=200 kPa), 
as well as the fully contractive behavior under high normal stresses (σn=400 kPa and σn=700 kPa). 

a) 

  
b) 

  

Figure 2: Comparison between experimental data (Zhang and Zhang 2008) and model prediction for 
monotonic behavior, a) shear stress-tangential displacement, and b) normal displacement-tangential 
displacement. 

The performance of the model for simulating cyclic behavior of the interface was also performed and 
compared with laboratory observations. As can be observed from Figure 3, there is very good agreement 
between predictions by the proposed model and test observations for shear stress-tangential displacement 
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Table 1. Properties of gravelly interfaces 

 Property 

Interface Type 
Average Grain Size 

D50 (mm) 

Interface Thickness 

t (mm) 

Dry Unit Weight 

γd (kN/m3) 

Gravel-Steel Interface 7 50 17.5 

Table 2. Parameter values of the gravel-steel interface constitutive model 

 Elasticity  Critical state  Dilatancy  Hardening 

Interface Type 
Dt0 

(MPa) 

Dn0 

(MPa) 
 e0 λ μcs  Ad Kd  Kp0 

Gravel-Steel Interface 3.5 4.1  0.548 0.0437 0.777  0.39 5.2  0.53 
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and normal displacement-tangential displacement cyclic behaviors under CNL stress path with σn=700 kPa. 
The model can also well simulate the accumulative contraction of the gravely interface when the number 
of cycles is increased (Figure 3-b). The stabilization of accumulative normal displacement after large 
number of cycles typical of gravelly interface was predicted very well by the proposed model. As can be 
seen from Figure 3-b, normal contraction of both excremental test and model prediction are stabilized 
around 13.5 mm.  

5 Conclusion 

This paper has proposed an elasto-plastic constitutive model for predicting the behavior of the interface 
between gravelly soils and structural materials. The model is compatible with critical state soil mechanics 
and was developed based on the two-surface plasticity theory. The performance of the model was 
evaluated using data of experimental investigations available in the literature. The following highlights the 
capabilities of the proposed interface model: 

1) The proposed model requires only a set of eight parameters with physical meaning, which can be 
readily determined using conventional shear tests.  

2) The proposed model is capable of predicting the monotonic and cyclic behavior of gravel-structure 
interfaces with different densities only using a single set of model parameters. That is, no further 
calibration is required for predicting cyclic behavior as well as the samples with different densities 
ranging from loose to dense.. 

3) The proposed model is capable of simulating phase transformation and the effect of normal stress on 
the behavior of gravelly soils - structure interfaces. 

4) The proposed model simulates very well the cyclic accumulative contraction and cyclic stabilization of 
the gravelly soil – structure interfaces subjected to shear cycles. 

a) 

  
b) 

  

Figure 3: Comparison between experimental data (Zhang and Zhang 2008) and model prediction for 

cyclic behavior under CNL condition with σn=700 kPa, a) shear stress-tangential displacement, and b) 

normal displacement-tangential displacement.   
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